
Reversible Computation 2022 5th July 2022

!e ℵ–Calculus
a declarative model of reversible programming

Hannah Earley 
h@nnah.io • DAMTP, Cambridge • Vaire Computing

mailto:h@nnah.io


Reversible Computation 2022 5th July 2022

!e ℵ–Calculus

- declarative 

- reversible TRS semantics, without history 

- minimalistic definition

The ℵ-Calculus 3

consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:
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ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)

The ℵ-Calculus 3

consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)

2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)

2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:
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Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)
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′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
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δ ::= ρ : ρ.∗ | ! π∗; (definition)

2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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and briefly discuss some language extensions. In the interest of space, proofs of
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addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
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The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):
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Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)

2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:
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Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
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Squiggly arrows represent matching against the patterns in the definitions, and
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
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e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
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have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:
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ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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and briefly discuss some language extensions. In the interest of space, proofs of
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addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
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The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):
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Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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δ ::= ρ : ρ.∗ | ! π∗; (definition)
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10,
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the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)

2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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2 H. Earley

and briefly discuss some language extensions. In the interest of space, proofs of
theorems such as non-ambiguity and reversible-Turing completeness are deferred
to an accompanying longer report.

2 Examples

Recursion: Addition & Subtraction The inductive definition of Peano
addition, a+Z = a and a+Sb = S(a+ b) where a natural number is either Z ≡ 0
or the successor (S) of another natural number, can be readily reversibilized.
Reversible addition must return both the sum, and additional information to
determine what both addends were. Here, we will keep the second addend:
a+Z = (a,Z) and a+ b = (c, b) =⇒ a+Sb = (Sc,Sb). In the ℵ-calculus, this is:

! + a b (); ! () c b +;

+ a Z () = () a Z +; (add–base)

+ a (Sb) () = () (Sc) (Sb) +: (add–step)

+ a b () = () c b +. (add–step–sub)

The first line says that terms of the form + a b () and () c b + are halting states
(either initial or final), where a, b, c are variable terms. This is stated via the
syntax !. Note the () term, pronounced ‘unit’; this is an empty set of parentheses
that is used by convention for disambiguation between definitions. The second
line, definition (add–base), implements the base rule that a+Z = (a,Z). As this
is a Term-Rewriting System (TRS), we have a term on both sides and so the
expression is more symmetric. As the term encapsulates all information about
program state, we need a witness to the fact that an addition (rather than a
multiplication or something else) was performed; here this is given by reusing
the + symbol (identifier) on the right hand side. The next definition, (add–step),
implements the inductive step and has as a sub-rule (add–step–sub), which
performs the recursion. The above can perhaps best be understood through the
below evaluation trace of 3 + 2 = (5, 2):

! + 3 2 () ! {a !→ 3, b !→ 1} {c !→ 4, b !→ 1} ! () 5 2 + ! (add–step)

(add–step–sub)

+ 3 1 () ! {a !→ 3, b !→ 0} {c !→ 3, b !→ 0} ! () 4 1 + (add–step)

(add–step–sub)

+ 3 Z () ! {a !→ 3} ! () 3 Z + (add–base)

Squiggly arrows represent matching against the patterns in the definitions, and
solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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consumed whilst n = m2 is generated. This also shows how iteration/looping can
be implemented in the ℵ-calculus. The definition of squaring (Sq) is given below:

! Sq m (); ! () n Sq;

Sq m () = Sq Z m Sq; (sq–begin)

Sq s (Sk) Sq = Sq (Ss′′) k Sq: (sq–step)

+ s k () = () s′ k +. -- s
′

← s + k

+ s′ k () = () s′′ k +. -- s
′′

← s
′

+ k

Sq n Z Sq = () n Sq; (sq–end)

In a reversible loop, you have a reverse conditional branch for entering/continuing
the loop and a forward conditional branch for continuing/exiting the loop. These
are implemented by rules (sq–begin,–end). Meanwhile rule (sq–step) performs
the actual additions of the sum. The reader may notice that Sq appears twice
in (sq–step); this is merely for symmetric aesthetics, and to distinguish it from
halting terms which are typically marked with (). An example evaluation trace of
32 = 9 (resp.

√
9 = 3) is given by:

! Sq 3 () = Sq Z 3 Sq = Sq 5 2 Sq = Sq 8 1 Sq = Sq 9 Z Sq = () 9 Sq !

There is no precondition in the forward direction (except that m should be a
well-formed natural number), but the reverse direction requires n = m2 be a
square number. If we try to take

√
10,

! () 10 Sq = Sq 10 Z Sq = Sq 9 1 Sq = Sq 6 2 Sq = Sq 1 3 Sq ⊥

the computation stalls with {s′′ #→ 0, k #→ 3} because 3 cannot be subtracted
from 0. Specifically, there is no matching rule for the sub-term () Z 3 +.

3 Definition

A computation in the ℵ-calculus consists of a term and a program governing the
reversible evolution of the term. A term is a tree whose leaves are symbols, which
are drawn from some infinite set of identifiers (e.g. +, Sq, S, Z, Map); terms are
conventionally written with nested parentheses, e.g. Sq (S(S(SZ))) (). Equival-
ently, a term is either a symbol or a string of terms; we call a string of terms a
multiterm. A program is a series of definitions. A definition is either (1) halting,
e.g. ! Sq n (), indicating that multiterms matching the given pattern are in a
halting state (annotated with !); or (2) computational, e.g. Sq n () = Sq Z n Sq,
indicating that multiterms matching the left-pattern may be mapped to a multi-
term matching the right-pattern, or vice-versa. Computational definitions may
have sub-rules, e.g. + s k () = () s′ k +, which need to be invoked to complete
the mapping. These are summarized in BNF notation below:

π ::= sym | var | (π∗ ) (pattern term)

ρ ::= π∗ = π∗ (rule)

δ ::= ρ : ρ.∗ | ! π∗; (definition)
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solid arrows refer to instantiation/consumption of ‘sub-terms’.

Iteration: Squaring & Square-Rooting A more involved example is given by
reversible squaring and square-rooting. Reversible squaring may be implemented
using addition as a sub-routine via the fact m2 =

∑
m−1

k=0
(k+k+1). By doing the

sum in reverse (i.e. starting with k = m− 1 and decrementing it towards 0), m is
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Properties + Future Work

- r-Turing Complete 

- Confluent Semantics 

- Concurrent variant 

- Interpreter written

- Implement & study 
concurrent variant 

- Type system 

- Apply to molecular 
programming
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Alethe

Hannah Earley — 2020 — Alethe Interpreter — https://github.com/hannah-earley/alethe-repl

a   Z   +   a     Z; 
a (S b) + (S c) (S b): 
    a b + c b.

n ^2 n2: 
  ! Go n     Z = Go Z n2. 
    Go (S n) m = Go n (S k): 
        m n + l n. 
        l n + k n.

a b `Pair` n: 
  ! Go   n     Z   Z = Go Z   a    b. 
    Go (S n)   Z   b = Go n (S b)  Z; 
    Go (S n) (S a) b = Go n   a  (S b);
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!ank you!

Hannah Earley — 2016–2021 — 'Modelling approaches to molecular computation' — EPSRC Project Reference 1781682 
Hannah Earley — 2020/2022 — 'The ℵ-Calculus' — arXiv/Proceedings of RC22

Department of Applied Mathematics 
and Theoretical Physics (DAMTP)


