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reversible programming
N: motivation, semantics, & tutorial
N: advanced features & properties

alethe + X concurrency
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Irreveraible Computing
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Irwertibility?
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Irwertibility?
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‘Reversible Computing

o®
Oid.lO\V]\//

$Hf(£l?) 1MpuT O()LTPL(T-
U @ HUS Topy
r < (z, f(x)) T ATC O wTPUT

* but reveraible!



Sandia National Laboratories

‘Reversible Computing
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‘Reversible Computing

g \\
procedure fib .
if n =0 ( //

then o +=1

x1 +=1
elsen —=1
call fib
To += T1
Ty & T1
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‘Reversible Computing

¢ \\
procedure fib
if n =0 ( //

then o +=1
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elsen =1

call fib ; 2
To += T1
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‘Reversible Computing

nmk
procedure fac
m+=1

fromm =1 K
loop m < k q
fromm =0

loopm+=n
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until £ =0 J 2
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untiln =1
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‘Reversible Computing

nmk
procedure fac
m+=1

fromm =1 &\
loop m < k q J
fromm =0

loop m +=n Y

k—=1
until £ =0 J 2 J
n——=1

untiln =1

n—=1
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plus (z,y) = case y of
Z = (=)
S(u) — let (x', v’y = plus (z,u) in (z/,S(u))

fibn £ casen of
Z —(5(2),5(2))
S(m) — let (z,y) =fibnin

let z = plus (y,z) in 2

RFUN

typea+b=InLa|InRb cantorUnpair :: N <+ N x N :: cantorPair
typea x b= (a,b) n > iter $n,(Z,7)
typeN=Z|SN iter $Sn,(Z,b) <> iter $n,(Sb,Z)
iter $ Sn, (S a,b) <> iter $n, (a,Sb)
iter $Z, (a,b) < (a,b)

where iter :: N x (N x N)

trace :: f:(a+b<>a+c) > b

-- definition omitted

swap(alt) {} (alb)paws
add(a|b) {a] add(a|b)bus 2|b]a} (a|b)bus

less-than(alb|p) {a
[b] less-than(a|b|p)or-equal |b] | [ p|p |

August 2022

fact(nd) {n[n]
z|n z|d
fact(n|d)orial’
muladd(n|d|z)ougmer
swap(n|z)paws

la} (a|b|p)or-equal d|zn|zn|z
d)orial’
remaquo(nldlq) { In|n} (n|d)oria
less-than(d|n|p)or-equal fact(n) {z|d
p| sub(n|d)dda remquo(n|d|q)ddalum |q fact(n|d)orial’
} (n|d|q)ddalum d|z} (n)orial

kayak

addSub :: N+ N+ N+ N
InL (Sn) > InLn

InLL Z < InRZ
InRn  + InR(Sn)

addy :: N < N :: sub;

n <> trace ~f:addSubn

add :: N x N <> N x N :: sub

a,b < iter $a,Z,b

iter $S a,a’,b <> iter $a,S a’,add; b
iter $Z,a,b <> a,b

where iter :: N x N x N

fib' :: (Nx N) + N« (NxN)+ (N x N)
InR n < iter $ (n,(Z,Z))
iter $ (Sn, (a,b)) <> iter’ $ (n,add (b, a))
iter $ (Z,(a,b)) <> InR (add; a,add; b)
iter’ $ (n, (a,b)) <« iter $ (n,(a,Sb))
InL (n,(Sa)) <« iter $(n,(Sa,Z))
InL (n,Z) < InL (cantorUnpair n)
where iter :: N x (N x N)

iter’ :: N x (N x N)

fib :: N <N XN

‘ n <> trace “f:fib’ n

theseus

(defsub pfunc (V' i ase)
(%' 1) += ((as i) %/ (¥ _9)))
(' _i) —= (e ¥/ (¥ _((i +1) A127))))
(W'_i) —= (e ¥/ (¥ _ ((i — 1) A 127)))))

(defsub schstep (g Y1 ab€)
(for i = 0 to 127 (call pfunc g Y1 i as €))
(for ¢ = 0 to 127 (rcall pfunc 1 Yr i ab€)))

R
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reversible programming
N: motivation, semantics, & tutorial
N: advanced features & properties

alethe + X concurrency
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The X-Calculus: Motivation

- A-calculus inspiration
- simple definition
- reduction semantics
- self-contained execution

- molecular programming
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The X-Calculus: Motivation

|
A-calculus inspiration 2

- simple definition
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tlttempt 1: The Z-Calculus

T = (w7 : 7°m) | VAR | REF | T definition

CONS = (m{nctzf : c{nf}zm)

NIL = (m{nc}tzf : n{fctzm) Church encoding

REV

(wl'T : NIL{ \v }H{{ee} }m)

= (r{REV v H{{r'r" "7 : I{ReV' v }{{Fr"r" H{U'I" } )
(m{REV' AH{r{l'l"}}coNs : coNS{REV A\}{{I'r}1" }7)
(m{Av}{r{ee} INIL : Lrm)

liat reveraal

Hannah Earley — 2017 — sigma Interpreter — https://github.com/hannah-earley/sigma-repl
— https://github.com/hannah-earley/sigma-examples



https://github.com/hannah-earley/sigma-repl
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flttempt 2: The X-Calculus

- declarative
- reversible TRS semantics, without history
- minimalistic definition
(PATTERN TERM) T ::=SYM | VAR | (7" )

(RULE) pu=m =

(DEFINITION) & ==p: p- | ! @™
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Addit

'+ab(); '()cb+;
+aZ ()= a2 -+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)
(PATTERN TERM) 7 ::=SYM | VAR | (7" )
(RULE) pu=7 =m

(DEFINITION) & ==p:p: | ! 7";
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Addit

'+ab(); '()cb+;
+aZ ()= a2 -+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)

' +32) (ADD—STEP)
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Addit

'+ab(); '()cb+;
+aZ()=()aZ+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)
' +32() ew{a—3,b— 1} (ADD-STEP)

H (ADD—STEP—SUB)

+ 31 () (ADD-STEP)
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Addit

'+ab(); '()cb+;
+aZ ()= a2 -+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)

' +32() ew{a—3,b— 1} ADD-STEP)

(

J//—__//f (ADD—STEP—SUB)
(
(

+31() e»{a—3,b— 0} ADD-STEP)

/

+37 ()

ADD—STEP—SUB)
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Addit

'+ab(); '()cb+;
+aZ()=()aZ+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)

' +32() e~w{a—3,b— 1}

H

(
(
+31() e»{a—3,b— 0} (ADD—STEP)
(
(

ADD—STEP)

ADD—STEP—SUB)

ADD—STEP—SUB)

/

+3Z()ew{a—3tew()32Z+

ADD—BASE)
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Addit

'+ab(); '()cb+;
+aZ()=()aZ+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)

' +32() e~w{a—3,b— 1}

H

(

(
+31() e»{a—3,b— 0} {c—3,b— 0}« ()41 + (ADD—STEP)

(

(

ADD—STEP)

ADD—STEP—SUB)

ADD—STEP—SUB)
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+3Z()ew{a—3tew()37Z+
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Addit

'+ab(); '()cb+;
+aZ()=()aZ+; (ADD—BASE)
+ a (Sb) () = () (Sc) (Sb) +: (ADD—STEP)
+ab()=(cb+. (ADD—STEP—SUB)
' +32() ew{a—3,b— 1} {c—4,b— 1}« ()52+ ! (aDD-STEP)
H H (ADD—STEP—SUB)
+31() e»{a—3,b— 0} {c—3,b—0}ew ()41 + (ADD-STEP)
/ \ (ADD—STEP—SUB)
+3Z()ew~w{a—3}ews()37Z+ (ADD—BASE)
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Addit
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squaring

m? =370 (k+k+1)
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squaring

m? =370 (k+k+1)

'Sam(); !'() n Sq;

SQm () =SQ Z m Sq; (SQ—BEGIN)

SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP)
+sk()=(s k+. -8 s +k
+sk()=(0s"k+. s s +k

SQn7ZSQ= () nSQq; (SQ-END)
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squaring

®..- x
N m . @
2 m—1 = " r 2
@., “® ® C?)
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 4L 1'\
SQ s (Sk) SQ = SQ (Ss”) k Sq: (SQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
—I—S/k():()s"k—l—. s+ k .
SQn7ZSQ= () nSQq; (SQ—END) o LT .
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m? =370 (k+k+1)

'Seqm (); ! () n Sq;

SQm () =SQ Z m Sq;
SQ s (Sk) SQ = Sq (Ss”) k Sq:
+sk()=(s k+.
+sk()=(0s"k+.

SQn7ZSQ= () nSQq;

' SqQ 3 ()

squaring

e.
@., '@
8. g
S
(SQ—BEGIN) 4L
(SQ—STEP)
-8 —s +k o Fm
-8 — s +k
(SQ—END) N

August 2022
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squaring

m? =370 (k+k+1)

'Seqm (); ! () n Sq;

SQm () =SQ Z m Sq;
SQ s (Sk) SQ = Sq (Ss”) k Sq:
+sk()=(s k+.
+sk()=(0s"k+.

SQn7ZSQ= () nSQq;

' SQ3 () =S5SQ Z 3 Sq

@.,
S
(SQ—BEGIN) 4L
(SQ—STEP)
-5 s +k
-8 +k
(SQ—END)

August 2022
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squaring

m? =370 (k+k+1)

@,

!Sem (); !0 nSq; S
SQm () =5Q7Z m Sq; (SQ-BEGIN) 1L
SQ s (Sk) SQ = SQ (Ss”) k Sq: (SQ-STEP)

+sk()=(s k+. -8 s +k
+s8k()=0s"k+. -8 s+ k
SQn7ZSQ= () nSQq; (SQ—END)

' SQ3()=5SQ7Z35SqQ=1SQ528S5Q

August 2022
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squaring

@.,
—1
m* =3 3, (k+k+1)
@.,
'Sqm (); ! () nSq; S
SQm () =SQ Z m Sq; (SQ-BEGIN) 4L

SQ s (Sk) S@=15q (Ss”) k SQ: (s STEP)

+sk()=(s k+. -8 s +k
+s8k()=0s"k+. -8 s+ k
SQn7ZSQ= () nSQq; (SQ—END)

' SQ3()=SQ7Z3SqQq=5SQ52S5SQ=5SQ81S5Q

August 2022
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squaring

@.,
—1
m* =3 3, (k+k+1)
@.,
'Sqm (); ! () nSq; S
SQm () =SQ Z m Sq; (SQ-BEGIN) 4L

SQ s (Sk) S@=15q (Ss”) k SQ: (s STEP)

+sk()=(s k+. -8 s +k
+s8k()=0s"k+. -8 s+ k
SQn7ZSQ= () nSQq; (SQ—END)

August 2022
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squaring

@.,
—1
m* =3 3, (k+k+1)
@.,
'Sqm (); ! () nSq; S
SQm () =SQ Z m Sq; (SQ-BEGIN) 4L

SQ s (Sk) SQ = SQ (Ss”) k Sq: (SQ-STEP)

+sk()=(s k+. -8 s +k
+s8k()=0s"k+. -8 s+ k
SQn7ZSQ= () nSQq; (SQ—END)

August 2022
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squaring

®.,- t
N m R C)
2 m—1 = " r 2
8. g ® @
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 1L 1"
SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
+s8k()=0s"k+. -5 s +k .
SQn7ZSQ= () nSQq; (SQ—END) N m,_? e

' () 10 SqQ



Sandia National Laboratories August 2022

squaring

®.,- t
N m R C)
2 m—1 = " r 2
8. g ® @
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 1L 1"
SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
+s8k()=0s"k+. -5 s +k .
SQn7ZSQ= () nSQq; (SQ—END) N m,_? e

' () 10 SQ =SqQ 10 Z Sq
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squaring

®.,- t
N m R C)
2 m—1 = " r 2
8. g ® @
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 1L 1"
SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
+s8k()=0s"k+. -5 s +k .
SQn7ZSQ= () nSQq; (SQ—END) N m,_? e

' 010SQ=SQ10Z SqQq=S5SQ91 SqQ
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squaring

®.,- t
N m R C)
2 m—1 = " r 2
8. g ® @
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 1L 1"
SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
+s8k()=0s"k+. -5 s +k .
SQn7ZSQ= () nSQq; (SQ—END) N m,_? e

' 010SQ=SQ10ZSqQq=5Q91SqQq=15Q62SqQ
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squaring

®.,- t
N m R C)
2 m—1 = " r 2
8. g ® @
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 1L 1"
SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
+s8k()=0s"k+. -5 s +k .
SQn7ZSQ= () nSQq; (SQ—END) N m,_? e

' 010SQ=SQ10ZSqQq=SQ91SQ=SQ62SqQ=5SQ13SqQ
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squaring

®.,- t
N m R C)
2 m—1 = " r 2
8. g ® @
'Sem (); ! () n Sq; © y @
SQm () =SQ Z m Sq; (SQ—BEGIN) 1L 1"
SQ s (Sk) SQ =SQ (Ss”) kK SQ:  (sQ-STEP) .
+sk()=(s k+. -8 s +k ¢ Fm s
+s8k()=0s"k+. -5 s +k .
SQn7ZSQ= () nSQq; (SQ—END) N m,_? e

' 010SQ=SQ10ZSqQ=5SQ915SQq=5SQ62SQq=SqQ13Sq L
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reversible programming
N: motivation, semantics, & tutorial
N: advanced features & properties

alethe + X concurrency
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‘Higher Order

IMAP _; !'(MaP_)_(); !'(_(Mapr_);

(MAP £) NIL () = ) NIL (MaAP £); I 'Mar £

(MAP f) (CoNs z 2) () = () (CONS y i) (MAP f): [z - ] '"MAP f [y - )
fz0=0y/f z ' fy.
(MAP f) 2 () = () w (MAP f). x ‘MAP f* 1.

' MaAP) [358] () e~ {f:0,z:3,f :0,m:[58]}

J_/A \

30=09 (Mar ) [58] () = () [25 64] (MaP )

N

{f:0O,y:9,f :0O,p:[2564]} «~ () [925 64] (MarP ) !
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r-Turing Completeness

BLANK 7 - 2] 'POP' BLANK [z - 24]; | TAPE £ x 1;
(SYM z) - 2] 'POP'(SYM ) 24; I SYM z;
] ‘POP' BLANK [[; ! BLANK;
(TAPE £ x r) 'LEFT (TAPE /' z' 1'): t ‘RIGHT t':

¢ ‘Por' ' /. t' ‘LEFT t.

r' ‘PoP' z 7.



Sandia National Laboratories August 2022

r-Turing Completeness

! START tl t2 t3 t4 t5 t6;
| STOP ¢ to t3 ta t5 tg;

S1 (TAPE £1 (SYM C') 1) (TAPE £2 BLANK 12) t3 (TAPE £4 (SYM D) 14) t5 tg
= S (TAPE £1 (SYM B) r1) (TAPE £3 (SYM A) 12) t5 (TAPE £4 (SYM F) 14) t5 tg:
t3 'LEFT 5.
te RIGHT' tg.
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ﬁ l o o I

- rTM: disjoint domains and codomains

- N:symmetric definitions
- more subtle — no term can match >2 (comp) patterns
- edge case — <1 comp pattern and any halt patterns

- simple graph-based algorithm

- relaxation = non-deterministic N
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Directional Cvaluation

'Sam (); !'() n Sq;

SQm () =SQ Z m Sq; (SQ—BEGIN)

SQ s (Sk) SQ = Sq (Ss”) k Sq: (SQ-STEP)
+sk()=0(0sk+. -5 s +k
+sk()=(05s"k+. -5 s +k

SQn7ZSQ= () n SQq; (SQ-END)

1 SQ3()=5SQ7Z35SQq=SQ525Qq=5Q815Qq=SQ97ZSqQq=()95q !

* * k

SQ STEP

Q
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Directional Cvaluation

'Sam (); !'() n Sq;

SQm () =SQ Z m Sq; (SQ—BEGIN)

SQ s (Sk) SQ = Sq (Ss”) k Sq: (SQ-STEP)
+sk()=0(0sk+. -5 s +k
+sk()=(05s"k+. -5 s +k

SQn7ZSQ= () n SQq; (SQ-END)

1 SQ3()=5SQ7Z35SQq=SQ525Qq=5Q815Qq=SQ97ZSqQq=()95q !

* * k

SQ STEP

C) CUmp”lUtiUnU' inertia tl — tQ — t3
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reversible programming
N: motivation, semantics, & tutorial
N: advanced features & properties

alethe + X concurrency
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fllethe

% >34+ XYy % > 7 "2 7 % > 29 Palr r
() 7 4+ () 49 "2 () 75 Pair

X —> 7 z —> 49 r —> 75

y > 4 % < Cc "2 49 % < pqg Pair 75
%<ab+74 ~2 7 () Pair 2 9 ()
+ 3 4 () c > 7 D > 2

a — 3 % q—> 9

b - 4 7
O/O n "2 n2:

I Go n Z = Go Z n2.
a Z + a Z; Go (Sn) m=Gon (S k): a?:air\n: 2 7= oz .
a (8b) + (S c) (Sb): mn+1n G Sm Z b-Gom(S®) 2
ab+ cb. ln+ kn. Go (Sn) (Sa) b=Gon a (Sb);

Hannah Earley — 2020 — Alethe Interpreter — https://github.com/hannah-earley/alethe-repl
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Concurrency

(PATTERN TERM) 7 ::=SYM | VAR | (7))
(RULE) Il u=m 7" VAR : 7"
(DEFINITION) 0 == {II"} = {II*} : II¥ | ! ™

ALICE [z - 1] = {ALICE X }; {BOB Y

= BOB |y - W|;
COURIER x COURIER y} vyl
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‘Properties + Tuture ‘Work

- r-Turing Complete - Implement & study
concurrent variant

- Confluent Semantics
- Type system

- Concurrent variant
- Apply to molecular

- Interpreter written programming
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Thank you!

&P CAMBRIDGF Vall‘ C

MICKLEM LAB gf

Department of Applied Mathematics
and Theoretical Physics (DAMTP)

Engineering and
Physical Sciences
Research Council

Hannah Earley — 2016-2021 — 'Modelling approaches to molecular computation' — EPSRC Project Reference 1781682
Hannah Earley — 2020/2022 — 'The KX-Calculus' — arXiv/Proceedings of RC22



